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in t-Stack Sortable Permutations,’’ by Miklo´s Bo´na, pages 201–209
(doi:10.1006/jcta.2001.3235): We correct a mistake in the proof of the
unimodality result.
Let p ¼ LnR be a permutation of length n: The property that sðpÞ ¼
sðLÞsðRÞn enables us to translate the stack sorting operation into the
language of binary plane trees. We associate a rooted tree TðpÞ to p as
follows.
We set the root of TðpÞ to be n; its left subtree is TðLÞ and its right subtree
is TðRÞ:
Example 1. If p ¼ 35628147; then TðpÞ is the tree shown in Fig. 1.
It is clear that when we read TðpÞ left to right}that is, for each vertex, we
read its left subtree ﬁrst, then the vertex itself, then its right subtree}we get
p: Therefore, there is a bijection between n-permutations and decreasing
binary trees on n vertices. Moreover, when we read TðpÞ in postorder}that
is, for each vertex, we read the left subtree ﬁrst, then the right subtree, then
the root}we clearly get sðpÞ:
Our map f deﬁned in the original paper takes a tree TðpÞ and goes
through its vertices starting at the root. If the root has two children, then the
two edges adjacent to the root are unchanged. However, if the root has only
a left edge, then the entire left subtree of the root will be moved to the right
of the root and become its right subtree. Similarly, if the root has only a
right edge, then the entire right subtree of the root will be moved to the left
of the root and become its left subtree. Then we proceed to the vertices
immediately below the root, and apply the same rule. We continue this way
until all vertices have been treated.
This procedure clearly turns vertices with only a left child into vertices
with only a right child. If a vertex had two children in TðpÞ; it will have the
same two children in Tð f ðpÞÞ: The number of descents of p is the number of
right edges of TðpÞ; and the number of ascents of p is that of left edges of
TðpÞ: We may as well regard f as a map on decreasing binary trees. In this
approach, f ðTðpÞÞ ¼ Tð f ðpÞÞ:
Now we are in a position to prove that the sequenceWtðn; kÞk is unimodal
for all ﬁxed n and t: Let Tðn; kÞ be the set of all decreasing binary trees on n
vertices having k right edges. For k5ðn 3Þ=2; we construct an injection191
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FIG. 1. The decreasing binary tree of 35628147.
CORRIGENDUM192r : Tðn; kÞ ! Tðn; kþ 1Þ: Then we will show that r preserves the t-stack
sortable property, completing the proof.
If T is a decreasing binary tree, we deﬁne a total ordering on the set of the
vertices of T as follows. We say that x5y; in other words, x is lower than y;
either if y is closer to the root than x or if x and y are at the same distance
from the root, and x is on the left of y:
Let p be an n-permutation, and let TðpÞ be its decreasing binary tree. We
deﬁne IiðpÞ to be the subgraph of TðpÞ that consists of the i lowest vertices of
TðpÞ: Then IðpÞ is always a forest, that is, a graph whose connected
components are trees.
For example, I1ðpÞ is just a vertex, I2ðpÞ is either two isolated vertices, or
an edge, and so on, and InðpÞ ¼ TðpÞ:
Then we deﬁne UiðpÞ as the tree obtained from TðpÞ by applying f to each
component of IiðpÞ; and otherwise leaving everything ﬁxed. In particular,
U1ðpÞ ¼ TðpÞ; as applying f to a one-node tree does not change anything,
U2ðpÞ differs from TðpÞ in at most one edge, and UnðpÞ ¼ f ðTðpÞÞ:
Example 2. If p ¼ 35628147; then we have U1ðpÞ ¼ U2ðpÞ ¼ TðpÞ;
U3ðpÞ ¼ U4ðpÞ; U5ðpÞ ¼ U6ðpÞ; and we also have U7ðpÞ ¼ U8ðpÞ ¼ f ðTðpÞÞ:
The trees U3ðpÞ; U5ðpÞ; and U7ðpÞ are shown in Fig. 2.
Note that if i5j; then the subgraphs induced by the lowest i vertices in
UiðpÞ and UjðpÞ are identical. This is because applying f to IjðpÞ we also
imply f to IiðpÞ:
FIG. 2. The trees U3ðpÞ; U5ðpÞ; and U7ðpÞ:
CORRIGENDUM 193Now let p have k4ðn 3Þ=2 right edges (these correspond to the descents
of p), and consider the trees U1ðpÞ;U2ðpÞ; . . . ;UnðpÞ: We claim that at least
one of them will have exactly kþ 1 right edges.
To see this, note that Iiþ1ðpÞ has either 0, or 1, or 2 more edges than IiðpÞ:
Among these, either one or zero are left edges, corresponding to ascents.
Therefore the number of right edges of Uiþ1ðpÞ differs from that for UiðpÞ by
at most 1. In Example 2, the trees UiðpÞ; i ¼ 1; 2; . . . ; 8; respectively, had 2,
2, 3, 3, 4, 4, 5, and 5 right edges.
On the other hand, U1ðpÞ ¼ TðpÞ has k right edges, and UnðpÞ ¼ Tð f ðpÞÞ
has n 1 k5kþ 1 right edges. Therefore, by our continuity result in the
preceding paragraph, there is an i such that UiðpÞ has kþ 1 right edges.
Choose i to be the smallest such index, and deﬁne rðpÞ to be the permutation
whose decreasing binary tree is UiðpÞ: In Example 2, the smallest such index
is 3; thus we choose i ¼ 3; forcing rðpÞ ¼ 53621478:
Lemma 1. Let k5ðn 3Þ=2: Then the map r : Tðn; kÞ ! Tðn; kþ 1Þ is
an injection.
Proof. Let q be a permutation having kþ 1 descents. Take TðqÞ; and
look for the smallest index i such that UiðqÞ has k right edges. (Recall that
CORRIGENDUM194UiðqÞ is obtained by applying f to IiðqÞ and leaving the rest of TðqÞ
unchanged.) If there is no such index, then q has no preimage under r:
Now assume there are several indices for which this holds. As we said, i is
the smallest. Let j be another index such that UjðqÞ has k descents. We show
that we could not have obtained q by using that index.
Indeed, by the deﬁnition of IjðqÞ; the forest IjðqÞ contains the forest IiðqÞ:
Keeping in mind the remark immediately following Example 2, one sees that
the fact that j is not a minimal index with the required property is preserved
when we apply f to IjðqÞ: Indeed, let Tðp0Þ ¼ UjðpÞ: Then Tðp0Þ has k right
edges, but j is not the minimal index, so applying f to Ijðp0Þ results in a tree
with kþ 1 edges. This is because i is a smaller index with that property. ]
As it is clear that sðpÞ ¼ sðrðpÞÞ; the restriction of r into the set of t-stack
sortable permutations is also an injection, and our claim follows.
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